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The proposed linear and nonlinear behavior for the top structure function at the LHeC is
considered. We present the conditions necessary to prediction the top structure function F t2(x,Q
2)
with respect to the different predictions for the bahavior of the gluon at low x.
Heavy quark contributions in leptoproduction are an
important subject in quantum chromodynamic (QCD)
phenomenology at lower values of Bjorken x. In leptopro-
duction, the primary graph is the Photon-Gluon-Fusion
(PGF) model where the incident virtual photon interacts
with a gluon from the target nucleon (Fig.1). Theoretical
calculations for producing qq(cc and bb) are available for
leading order (LO) and next-leading-order (NLO) pro-
cesses at HERA (Experiments H1 and ZEUS). In deep
inelastic scattering (DIS), the kinematical region for the
photo production is available at Q2≥5GeV 2. The avail-
able data by the experiments H1 and ZEUS cover a range
of photon virtuality of 5≤Q2≤2000 GeV 2 and Bjorken
scaling variable 0.0002≤x≤0.05 [1]. In this framework,
the processes e + p→e + cc(or bb) +X are sensitive to
the gluon density in the proton and allows to test its
universality. The minimum momentum fraction xg of a
gluon within a nucleon to produce a qq heavy quark pair
is xg >
M2qq
2Mpk
, where k is the photon energy in the nu-
cleon rest frame. Thus the gluon momentum fraction xqqg
in photoproduction (Fig.1) has this behavior for heavy
production samples as xttg > x
bb
g > x
cc
g along with sensi-
tivities to choice of heavy quarks mass.
In recent years, both the H1 and ZEUS Collaborations
have measured the charm and beauty components F c2 and
F b2 of the structure functions at small x [1] that those
are directly related to the growth of the gluon distribu-
tion at that region. Also authors in Refs. [2-8] show
connection between the gluon distribution and heavy
(charm and beauty) structure functions at small x. This
search for charm and beauty production at HERA em-
phasis the importance of having a consistent theoretical
framework for heavy flavor production in DIS. Within the
variable-flavor- number scheme (VFNS)[9-10] the charm
and beauty densities arise via the g→cc(bb) evolution.
In view of the success of the BGF within the VFNS per-
turbatively, we think that it would be interesting to con-
front with the top component F t2 of the structure func-
tion at small x in the LHeC project [11-12]. A compari-
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son LHeC experiment with HERA experiments (H1 and
ZEUS) and fixed target experiments (NMC, BCDMS,
E665 and SLAC) is given by in Fig.2 and a brief overview
can be find in Ref.11. The LHeC project is an investiga-
tion of the possibility of colliding an electron beam from
a new accelerator with the existing LHC proton at an ep
center of mass energy beyond 1 TeV . The LHeC repre-
sents an increase in the kinematic reach of DIS and an
increase in the luminosity. However, the BGF model for
tt production will remain a phenomenological model to
be a useful tool for studies QCD at a high gluon density
where saturation and other non-linear physics enter in an
essential way.
To study the process ep→e(tt)X of the LHeC, that is sen-
sitive to the gluon density in the proton, the key question
is about the radiative corrections to the heavy flavor pro-
duction cross sections that are large. For this reason, the
LHeC study with 50 GeV electrons on 7 TeV protons
with 50 fb−1 luminosity is simulated [11]. The kine-
matic region accessed at LHeC is 0.000002 < x < 0.8
and 2 < Q2 < 100, 000 GeV 2.
To estimate the top contribution to the structure func-
tion we firstly consider the gluon momentum fraction car-
ried by charm and bottom quarks and then prediction
the the top component F t2 of the structure function. The
heavy flavor contributions to the proton/nucleus struc-
ture functions at small x are given by
F q2 (x,Q
2,m2q) = e
2
q
αs(µ
2
q)
2pi
∫ 1−x
1− 1
a
dzCqg,2(1− z, ζ)
×G( x
1 − z , µ
2
q), (1)
where Cqg,2 and G = xg are the coefficients functions
[2-7,13] and the gluon distribution function. In fact,
we assume that the heavy flavor quarks in the proton
structure function only arise from gluon splitting g→qq.
Here a = 1 + ξ where ξ≡m
2
q
Q2
and the default common
value for the factorization and renormalization scales is
< µ2q >= 4m
2
q+Q
2/2. The expansion of the gluon distri-
bution at an arbitrary point z = α give us an important
equation for obtain the momentum gluon fraction carried
by gluon distributions for create one pair heavy flavor as
2follows
G(
x
1− α (K − α), µ
2
q) = F
q
2 (x,Q
2,m2q)/e
2
q
αs(µ
2
q)
2pi
I, (2)
where K = 1 + J
I
, I =
∫ 1−x
1− 1
a
Cqg,2(1 − z, ζ)dz, J =∫ 1−x
1− 1
a
(z−α)Cqg,2(1− z, ζ)dz and α has an arbitrary value
0≤α < 1 [14-15]. This equation is a direct relation be-
tween the gluon distribution at βx (where β = K−α1−α )
and heavy flavor structure functions (F c2 , F
b
2 and F
t
2) at
x value at LO up to NLO analysis. To test the validity
and obtained the momentum fraction of the gluon distri-
bution for the top structure function, let us first discuss
this ratio for the charm and beauty structure functions.
In Table 1 we obtained the parameter α, where describing
the fraction of the gluon momentum in BGF processes for
heavy flavor production. In this approximation, we use
the charm and beauty structure functions obtained by H1
collaboration 2010 [1] and the gluon distribution is usu-
ally taken from the GRV, CETQ or MRST parametriza-
tions [13]. In Figs.3 and 4 we observe the behavior of the
charm and beauty structure functions with respect to α
in average of x values from the H1 data. For any values of
these fractional of the momentum, the charm and beauty
structure functions have values between 0 < F c2 < 0.27
and 0 < F b2 < 0.022 with respect to the experimental
data respectively. According to the Fig.5, we can find
the average of theses momentum fractional as we have
< αc > ≈0.1 and < αb > ≈0.7.
Let us determine the predictions for < αt >. We know
that the top quark can be produced the LHeC from
Wb→ t reactions where the b quark arises from the in-
trinsic beauty component. But we are interesting to pro-
duce top-quark pairs in γ∗p→ttX reactions. The aver-
age value αt have to go to beyond 1 value as can be seen
from the ratio of intrinsic beauty to intrinsic top scales as
m2b
m2t
≃ 11500 where the ratio of intrinsic charm to intrinsic
beauty scales is
m2c
m2
b
≃ 110 . But the asymptotic value α is 1
for fractional of gluon momentum, therefore the thresh-
old Bjorken scaling for top pair production reaches to low
values of x at fixedQ2 (Table 2). In this table, we observe
that as Q2 increase, the initial threshold for the Bjorken
scaling for 0 < α < 1 increases. In Fig.6 we show our pre-
dictions for the top structure function F t2 according to the
Bjorken scaling threshold as a function of α at Q2 and x
constant values. We can observe that top structure func-
tions increase as Q2 increase and x decreases. But with
respect to the average α for charm and beauty, we ex-
pect that < αt >→ 1. Therefore we choose this expand-
ing point for top pair production to be ≃0.95. As Fig.7
shows, the NLO predictions for the top structure function
are rather stable for Q2 of order of m2t at low-x values
under the renormalization scale with respect to the lumi-
nosity. At that expanding point, the top structure func-
tions obtained as a function of x for Q2 = 10, 100, 1000
and 10000 GeV 2. We observe that the initial point of
x increase as Q2 increases. This value has a maximum
at x∼0.2 when Q2 increase to 100000 GeV 2, but this
maximum point can be increase toward 0.8 when the ex-
panding point decreases toward 0. With respect to the
luminosity in the LHeC, we have expect that the avail-
able data to be over a wide small-x range. Thus one can
better explore the small-x region where non-linear evolu-
tion is required as ln 1/x terms in the evolution become
important [ 16-17] and where resummation approaches
may be required [18]. The main characteristic of this
nonlinear evolution equation is that it predicts a satura-
tion of the gluon distribution at very small x, which the
recombination processes such as gg→g, leading to non-
linear evolution equation. This saturation effects may be
applied to the top structure function at very small x val-
ues, which may be possible by studying the very small x
region at somewhat larger Q2 at the LHeC. Now we pre-
dict the saturation effects to the top structure function
F t2(x,Q
2) in the LHeC kinematic range. This picture al-
lows us to write the GLRMQ [19] equation for the gluon
structure function at small x as follows
∂G(x,Q2)
∂lnQ2
=
∂G(x,Q2)
∂lnQ2
|DGLAP
−γα
2
s(Q
2)
R2Q2
∫ 1
x
dz
z
[G(
x
z
,Q2)]2. (3)
The factor γ found to be = 8116 for Nc = 3, and the first
term in the r.h.s. is the usual linear DGLAP term in
DLLA and the second term is nonlinear in gluon density.
Here R is the correlation radius between two interacting
gluons and piR2 is the target area where gluons inhabit.
The value of R depends on how the gluon ladders couple
to the proton, or on how the gluons are distributed within
the proton. R will be of the order of the proton radius
(R ≃ 5 GeV −1) if the gluons are spread throughout the
entire nucleon, or much smaller (R ≃ 2 GeV −1) if glu-
ons are concentrated in hot- spot [20] within the proton.
This nonlinear evolution equation can be solve for the
nonlinear gluon distribution behavior by some methods
as those are presented in Refs.[21,22]. Recently, a general
solution of the gluon density was performed in the non-
linear evaluation equation kinematical region [23], as the
gluon distribution in terms of the initial condition can be
expressed by
G(x,Q2) = [G(x,Q2)|Linear−DGLAP ]−
∫ 1
χ
G2(z,Q20)Fe
Y
×BesselI(0, 2
√
U
√
ln
z
x
)
dz
z
, (4)
where
G(x,Q2)|Linear−DGLAP = eη(Q
2)[G(x,Q20) +
∫ 1
x
G(z,Q20)×
√
ζ√
ln z
x
BesselI(1, 2
√
ζ
√
ln
z
x
)
dz
z
].(5)
3Here η(Q2) =
∫ Q2
Q2
0
1
lnQ
2
Λ2
dlnQ2and ζ≡ 12η(Q2)
β0
, other
parameterizes can be find in Ref.[23]. Also χ = x
x0
,
where x0(= 0.01) is the boundary condition that the
gluon distribution joints smoothly onto the unshadowed
region.
Fig.8 represent our prediction results for the top struc-
ture function nonlinear behavior for R = 5 GeV −1 at
Q2 = 10000 GeV 2. This result shows that the top
structure function behavior is tamed with respect to
nonlinear terms at the GLR-MQ equation. The differ-
ences are not large for 1E − 5 < x < 1E − 2 but these
differences are more concretely for 1E − 7 < x < 1E− 5.
It shows that screening effects are provided by a multiple
gluon interaction, which leads to the nonlinear terms in
the DGLAP equation. For x < 1E − 7, the nonlinear
behavior shows that the top structure function fall
deeply to ward negative values. May be the Pomeron
amplitude have to fixed to the top structure function at
this region.
In conclusion, we prediction the top structure function
at the LHeC project at low x and high Q2 values. At
low x we expected that extension of the conventional
QCD DGLAP resummation is necessary to explain the
data, but the nonlinear behavior tamed deeply at very
low x as may be add possible scenarios such as BFKL
resummation. We observed that, as x decreases, the
singularity behavior of the top structure function is
tamed by shadowing effects.
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4FIG. 1: Boson-gluon-fusion (BGF) graph.
FIG. 2: Kinematic plane for ep collisions in Bjorken-x and
resolving power Q2 showing the coverage of fixed target ex-
periments, HERA and an LHeC.
TABLE I: Values of the gluon momentum fraction (α) with
respect to the charm and beauty structure functions (H1 Col-
lab.2010 [10]) at the average values of x (< x >) for < µ2q >.
Q2(GeV 2) < x > < F c2±δ > α
c < x > < F b2±δ > α
b
5 0.00020 0.1490±0.010 0.590 0.00020 0.00244±0.010 0.960
8.5 0.00041 0.1815±0.010 0.510 - - -
12 0.00073 0.2115±0.010 0.055 0.00056 0.00369±0.011 0.947
20 0.00115 0.2424±0.010 0.013 - - -
25 - - - 0.00090 0.00896±0.011 0.865
35 0.00182 0.2692±0.011 ≃ 0 - - -
60 0.00287 0.2772±0.010 ≃ 0 0.00315 0.01467±0.010 0.570
120 0.00670 0.2430±0.017 ≃ 0 - - -
200 0.00900 0.2015±0.028 ≃ 0 0.00900 0.01782±0.028 0.410
300 0.01400 0.1975±0.029 ≃ 0 - - -
650 0.02250 0.1440±0.033 ≃ 0 0.02250 0.01210±0.033 0.550
2000 0.05000 0.0600±0.043 ≃ 0 0.05000 0.00511±0.043 0.660
TABLE II: The Bjorken scaling initial threshold for top pair
production at the LHeC.
Q2(GeV 2) x0(x<x0)
10 0.0001
100 0.0010
1000 0.0100
10000 0.1000
50.0 0.2 0.4 0.6 0.8 1.0
-0.20
-0.15
-0.10
-0.05
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
Q2=650, <x>=0.02250
Q2=2000, <x>=0.05000
Q2=300, <x>=0.01400
Q2=200, <x>=0.00900
Q2=120, <x>=0.00670
Q2=60, <x>=0.00287
Q2=35, <x>=0.00182
Q2=20, <x>=0.00115
Q2=12, <x>=0.00073
Q2=8.5, <x>=0.00041
Q2=5, <x>=0.00020
F 2
c (x
,Q
2 )
FIG. 3: The charm structure function behavior versus α for
the fixed-Q2 and averages < x > values according to the H1
Collab. data (2010)[1].
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FIG. 4: The beauty structure function behavior versus α for
the fixed-Q2 and averages < x > values according to the H1
Collab. data (2010)[1].
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FIG. 5: The expanding point α for the charm and beauty
structure functions versus Q2 at averages < x > according to
the H1 Collab. data (2010)[1].
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FIG. 6: The top structure function behavior predictions
versus α for the fixed-Q2.
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FIG. 7: Our predictions for top structure function in the
LHeC for α = 0.95 at Q2 = 10000 GeV 2.
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FIG. 8: Nonlinear behavior for top structure function at
Q2 = 10000 GeV 2.
